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Abstract 
The evolution of the contact surfaces wear may become particularly important in the definition of the frictional behavior, in particular for 
frictional contact problems involving large slips, typically in sheet metal forming and bulk forming operations. Despite this fact, most of the 
current applications reported in the literature are restricted to a standard Coulomb law, using a constant friction coefficient. Such simple 
models may represent only a limited range of tribological situations and it appears to be necessary to develop a class of models which 
incorporate he state conditions and their evolution at the contact surfaces, taking into account the influence of complex phenomena such as 
wear, lubrication and chemical reactions, among others, see Oden and Martins [1]. 
In this paper a simple numerical model for the simulation of frictional wear behavior, within a fully nonlinear kinematic setting, including 
large slip and finite deformation, is presented. The model relies on the introduction of an internal variable related to the state conditions at 
the contact surface. Here, two possible definitions of this internal variable have been considered. The fully nonlinear frictional contact 
formulation, entirely derived first on a continuum setting by Laursen and Simo [2-6], has been extended here to accommodate he 
characterization f the wear frictional behavior. 
Within the computational spects, two families of robust time stepping algorithms, arising from an operator split of the constrained 
frictional evolution equations, are discussed. 
Finally, following current approaches, ee Lassen [9], Lassen and Bay [10], Owen et al. [1 I], de Souza et al. [12], Stromberg et al. [13] 
and Stromberg [14], a long-term tools wear prediction is given by introducing an a priori wear estimate derived from Archard's law, Archard 
[15]. 
The numerical model has been implemented into an enhanced version of the computational finite element program FEAP. Numerical 
examples how the suitability of the proposed model to capture the essential features of the frictional behavior at the contact interfaces and 
to provide a prediction of tool wear in forming operations. © 1999 Elsevier Science S.A. All rights reserved. 
1. Introduction. Motivation and goals 
Numerica l  analysis of  fr ict ional contact  prob lems has been one of  the research topics of  main interest in 
recent years. Fr ict ional  contact prob lems arise in many appl icat ion fields such as metal  forming processes, 
crashworth iness  and projecti le impact, among others. In spite of  important  progresses achieved in the 
computat ional  mechanics ,  the large scale numer ica l  s imulat ion of  these topics continues, nowadays,  to be a very 
complex  task due main ly  to the highly nonl inear  nature of  the problem, usually involv ing nonl inear  kinematics,  
large deformat ions,  large inelastic strains, nonl inear  boundary  condit ions,  fr ictional contact interaction, wear 
phenomena,  large slips and in many cases coupled thermomechan ica l  effects. Dur ing the last decade, growing 
interest on these and related topics, has been shown by many industrial companies,  such as automot ive and 
aeronautical ,  mot ivated by the need to get h igh quality final products and to reduce manufactur ing costs. 
Fr ict ional  behav ior  at the contact surfaces, between two bodies sl iding relative to one another,  h ighly depends 
on the nature and topography of  the surfaces in contact, such as the hardness and the geometry of  the 
microasperit ies,  surface coating, etc. as well as on the env i ronmenta l  factors, such as the lubrication, which 
character ize the state condit ions of  the contact surfaces. These state condit ions at the contact surfaces may be 
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constantly changing as a consequence of complex phenomena t king place during continuous liding of the 
bodies, such as the wear due to the evolution of the surfaces topography, i.e. deformation of the microasperities, 
worn of surface coating, etc. internal straining, chemical reactions, etc. (see [1]). 
The importance of the consideration of these wear phenomena in the characterization of the frictional 
behavior, clearly appears in two types of zinc coated sheet metals, the Galvannealed (GA) and Electrogalvanised 
(EG) steel sheets, typically employed in the manufacture of automotive body parts. In a GA steel sheet, he 
presence of a hard surface coating, difficult to remove, leads to a progressive softening of the frictional behavior, 
while in contrast an EG steel sheet experiences an initial softening, due to flattening of microasperities, followed 
by a substantial increase of the friction coefficient, due to the removal of its relatively soft zinc coat (see [12]). 
Despite these facts, most of the current applications reported in the literature are restricted to a standard 
Coulomb law, using a constant friction coefficient. Such simple models may represent only a limited range of 
tribological situations and it appears to be necessary to develop a class of models which incorporate the state 
conditions and their evolution at the contact surfaces, taking into account he influence of complex phenomena 
such as wear, lubrication and chemical reactions, among others (see [1]). 
In this paper a simple numerical model for the simulation of frictional wear behavior, within a fully nonlinear 
kinematic setting, including large slip and finite deformation, is presented. The model relies on the introduction 
of an internal variable related to the state conditions at the contact surface. Here, two possible definitions of this 
internal variable have been considered, identifying the internal variable as the (accumulated) frictional 
~lissipation or as the slip distance. Both definitions have been i corporated, in a unified manner, into the model 
by replacing the constant friction coefficient of the classical Coulomb law by a (nonlinear) function of the 
internal variable. The fully nonlinear frictional contact formulation, entirely derived first on a continuum setting 
by Laursen and Simo [2-6], has been extended here, in Section 2, to accommodate the characterization f the 
wear frictional behavior. 
Within the computational spects, two families of robust time stepping algorithms, arising from an operator 
split of the constrained frictional evolution equations, are discussed in Section 3. Within the Backward 
Difference (BD) methods, the lowest order method, i.e. the Backward Euler (BE) algorithm, and within the 
Implicit Runge-Kutta (IRK) methods, the generalized Projected Mid-Point (PMP) algorithm, first introduced by 
Simo [7] within the context of infinitesimal and finite deformation J2 plasticity. These return mapping 
algorithms can be efficiently combined with a new frictional time integration scheme, suitable for large slips, 
recently proposed by Agelet de Saracibar [8]. An exact linearization of the frictional return mapping algorithms, 
written in a unified form suitable for the BE and the PMP algorithms, has been performed and the consistent 
frictional tangent operator has been derived. 
On the other hand, the phenomena related to wear on the tools have an important impact on the economy of 
industrial metal forming processes. Statistical results show that wear is the dominating die failure mechanism for 
both bulk and sheet forming operations and has therefore an important influence on the production costs of 
formed products. Methodologies currently used are based mainly on designers intuition and experience, which 
are not the most adequate when considering the complexity of the problem. Experts claim that a more 
quantitative approach to die design would improve service life considerably, leading to an important reduction 
of manufacturing costs for forging and stamping production. To enhance available decision support systems 
used in industrial design and optimization practice, taking into account wear phenomena, is one of the goals to 
be achieved in the up-coming years. 
Section 4 deals with a summary of tools wear mechanisms, in which adhesive and abrasive wear are identified 
as the two most important wear mechanisms in hot forging and sheet metal forming processes. Here, following 
current approaches, ee Lassen [9], Lassen and Bay [10], Owen et al. [11] and de Souza et al. [12], Stromberg et 
al. [13] and Stromberg [14], a (long-term) tools wear prediction is given by introducing an a priori 
(semi-empirical) instantaneous tool wear rate estimate derived from Archard's law [15]. Time integration of the 
wear rate estimate leads to an estimate of the accumulated tool wear over a larger number of forming cycles (see 
e.g. [9] and [11]). 
The numerical model has been implemented into an enhanced version of the computational finite element 
program FEAP developed by R.L. Taylor and J.C. Simo and described [16]. Numerical examples, given in 
Section 5, show the suitability of the proposed model to capture the essential features of the frictional behavior 
at the contact interfaces and to provide a prediction of tools wear in forming operations. Finally, some 
concJuding remarks are drawn. 
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2. Formulation of the frictional wear contact problem 
In this section we summarize the continuum formulation of the frictional contact problem first proposed by 
Laursen and Simo [2-6], here extended to accommodate wear phenomena through the introduction of an 
internal state variable, to be defined as the frictional dissipation or the slip amount, into the Coulomb frictional 
law. 
2.1. Frictional contact constrains 
2.1.1. Notation 
Let 2 ~< ndi m ~ 3 be the space dimension and 1 := [0, T] C R+ the time interval of interest. Let the open sets 
f2~ C R 'u+m and ~0~2~ C ~,u+~ with smooth boundaries O~ ~ t> and 0/2 ~2~ and closures ,0 ~ := ~ U  ~l> and 
~(2~:= S2~2>U 0j2~2~ ' be the reference placement of two continuum bodies ~(t~ and ~(~-~, with material 
particles labeled X ~ .0 (t> and Y~ ~z~, respectively. 
Denote by q~u~: .0u~× I ~ R,,u+,. the orientation preserving deformation map of the body ~u>, with material 
velocities VU>:=0,@ u~ and deformation gradients FU~:=D~p u~. For each time t~ l ,  the mapping t~ 
i~_>@~0 := q~u~(., t) represents a one-parameter family of configurations indexed by time t, which maps the 
reference placement of body ~ (i) onto its current placement 5~</~ : = q~/>( ~ u ~) C R"d+m. 
We will denote as the contact surface F u~ C 0,(2 u~ the part of the boundary of the body ~u~ such that all 
material points where contact will occur at any time t E I are included. The current placement of the contact 
surface /,(i) is given by yu~ := qdi~(FUl). 
Attention will be focussed to material points on these surfaces denoted as X ~ F ~> and Y ~ F ~2~. Current 
placement of these particles is given by x = ~,~,~(X) ~ y ~ and y = qd,2~(Y) ~ y(2~. See Fig. 1 for an illustration 
of the notation to be used. 
Using a standard notation in contact mechanics we will assign to each pair of contact surfaces involved in the 
problem, the roles of slave and master surfaces. In particular, let F ~l~ be the slave surface and F ~2~ be the 
master surface. Additionally, we will denote slave particles and master particles to the material points of the 
slave and master surfaces, respectively. With this notation in hand, we will require that any slave particle may 
not penetrate the master surface, at any time t ~ I. Although in the continuum setting the slave-master notation 
plays no role, in the discrete setting this choice becomes important. 
2.1.2. Parametrization of the contact surfaces 
Let s¢ u~ C IR ''d+m ~ be a parent domain for the contact surface of body ~u~. A parametrization f the contact 
surface for each body ~u~ is introduced by a family of (orientation preserving) one-parameter mappings 
( i )  ( i )  ) " indexed by time, o~,i~:~U>C ~"U+m l__~'U+m such that f,u~:= ~o (d )  and yu := ~,~(~i~). Using the 
~-, = o,t, u> It will be assumed in what follows that these mapping composition rule, it also follows that +lz u~ q~{/~ -~0 -
parametrizations have the required smoothness conditions. 
2> 
0(2) / / t  
Y 
d,1 
Fig. 1. Schematic description of two interacting bodies at reference and current placements. Reference and current placement ofcontact 
surfaces. 
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Within the slave-master surface role, focus will be placed on the parametrization f the master surface. Using 
the parametrization of the contact surfaces introduced above we consider a point ~" := (s c j, s c2) E a/(2) of the 
parent domain, such that 
Y := ~I?'(~=), Y := ~(2>(~) 
E (~:) := ~o2,)(~), e.(~:) := ~(2)(~¢) 
(2.1) 
where Y and y are, respectively, the reference and current placement of a master particle and E,(~:) and e~(~:), 
ot = 1, 2 are the convected surface basis attached to the master particle Y ~ F (2), on the reference and current 
configuration, respectively. Here, ( . ) ,  denotes partial derivative with respect to (". Fig. 2 shows the 
parametrization map of reference and current placement of a contact surface. 
2.1.3. Contact normal constraints 
Let .~(X, t) ~ y(2) be the closest-point projection of the current position of the slave particle X onto the current 
placement of the master surface F ~2), defined as 
12) l~x  I?(X, t ) := arg min {[]~,"(X) - ¢,',='(Y)II}, y(x, t ) :=  ¢,  t - )  (2.2) 
yEi'~2) 
and let gN(X, t) be the gap function defined for any slave particle X ~/'(~) and for any time t E I as 
gN(X, t )  : = - -  [qglt ' ' (X )  - ~ I2 ) (y (x ,  t))]. u (2.3) 
where u := y°-)--+SZ is the unit outward normal field to the current placement of the master surface 
particularized at the closest-point projection jr(X, t) @ "7 (2). 
Let P(~(X, t) be the first Piola-Kirchhoff stress tensor and N(J)(X) the unit outward normal to the slave 
surface/~(~> in the reference configuration. The nominal (Piola) frictional contact raction at X @/ '~)  is given as 
t~l)(X, t) = PIll(X, t)" N(I)(X) (2.4) 
and the contact nominal pressure tN(X, t) is defined as 
tN(X, t) := f~'(X, t)" ~" (2.5) 
With the preceding notation in hand, the contact normal constraints of impenetrability, non-adhesion and 
contact persistency can be written in Kuhn-Tucker form as 
t u~O,  gN ~0,  tug u :O  
tNg N : 0 i f f  t N 2> 0 (2.6) 
2.1.4. Convected basis, metric and curvature tensors at the closest-point projection 
Associated to the closest-point projection given by (2.2), for some point ~ := (~,  ~2) E a/(2) of the parent 
domain we will have 
~<x, t):= q,l,-~'(~x, t)), y(x, t):= O(,2'(~x, t)) (2.7) 
' / V 
Fig. 2. Contact surfaces parametrization. Parametrization map of reference and current placement of a contact surface. 
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Attached to the master particle I?(X, t) ~ F ~2) we define the convected surface basis on the reference and current 
configurations, respectively, as 
ref 
7.  (X, t) := E~(~(X, t)) ,  7.(X, t ) := e~(~(X, t)) (2.8) 
Additionally, the unit outward normals v rer E S 2 and ~. E S 2 at the master particle I?(X, t) on the reference and 
current configurations, respectively, can be defined as 
ref ref 
ref 7 1 X 72  71 X 72 
• - v : -  (2.9) 
" 1171" x 771"1' [171 X 7 11 
ref ~ ~ ~2 2 "~ 9 
The vectors 7,~ ~ ~, , ,~ and 7, E T,S , a = 1, 2 span the tangent spaces TyS-  and T,S-  to the S 2 unit 
sphere at v r~f and v, respectively. Here, the tangent space to the S 2 unit sphere at v E S ~ is defined as 
T,S 2 := {~t, E ~"J,m : ~t'" !' = 0} (2.10) 
The convected surface basis vectors 7~ f and 7,~, ~ = 1, 2, augmented with the unit outward normals t,~ef and v, 
provides local spatial frames at the master particle I?(X, t) on the reference and current configurations, 
respectively. 
The convected surface basis vectors 7~ r and 7,~, a = 1, 2, induces a surface metric or first fundamental form 
on the reference and current configurations, defined, respectively, as 
M~8 := 7~ f- 'r~ ef , m,~ 8 := 7,~. 7 8 (2.11) 
Inverse surface metrics M '~8 and m '~8 are defined in the usual manner, Additionally, dual surface basis on the 
reference and current configurations are straightforward defined, respectively, as 
ct . .o r8  ref ,Tot ot 8 
7ref:=/V! 7 8 , :=m 7 8 (2.12) 
The variation of the convected surface basis along the convected coordinates, together with the unit normal, 
induces the second fundamental form or surface curvature defined, on the reference and current configurations, 
as  
re f .  E.  8(~)  " ]0ref K.8 .= , , K~8:=e,, .8(~)" t' (2.13) 
2.1.5. Constrained fr ict ional evolution problem 
The relative slip velocities in the convected and current configuration are defined as 
re f . . r  
v r t .~,t) := f (X , t ) ,  
and, applying the chain rule, 
re f+. .  "~ ref 
s¢'r ,  vT ix, t) := 
F~2)(~X t~ rcr VT(X, t ) := , , .  . . . .  "v r (X, t )  (2.14a) 
VT(X, t ) := _~'~7 (2.14b) 
The one-form associated to these objects are defined as 
13 T(X, : v (X, t ) :=  _s ¢ M,,srr¢ , , t) ~ zvGsr (2.14c) 
We define the nominal frictional tangent raction tr(X, t) as (minus) the projection of the nominal frictional 
contact raction t~(X ,  t) onto the unit normal 1.,, as 
tr(X, t) : = -- P ,¢ ~ )(X, t) = t~(X, t)Z, (2.15) 
Additionally, to take into account he short term wear behaviour, we introduce an internal variable, denoted by 
c~(X, t), to be defined as the accumulated frictional dissipation, the slip amount or, eventually, a combination of 
both parameters. 
With the preceding notation in hand the slip rule, internal evolution equation and frictional constraints can be 
written in Kuhn-Tucker form as 
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v~T(X, t) b = TPT 
,~(x, t) = 3'[(1 - w) + wll?AIl 
4~(t~r, t N, o~) <<- 0, 3'/> 0,  3"q~(t~r, t N, a)  
• ~, 
3"qb(t r, t N, a) = 0 if q~(tbr, t N, a)  = 0 
=0 
(2.16) 
(2.17) 
where qO(t~r, t N, a) : = t~y,., -- Ix(a,, + ~ )tN, '+' is the slip function defining the admissible nominal traction states, 
PT is the gradient of the slip potential, usually defined as the slip function for constant pressure, ce is an internal 
variable, defined as the frictional dissipation for w = 1, the slip amount for w = 0 or a combination of both 
parameters for an intermediate value of w E (0, 1), 3' is the slip rate and (.)b states for the one-form associated 
to the corresponding vector object. 
2.2. Regularized frictional contact constraints 
As discussed in [17], for instance, solution of initial boundary value problems (IBVP) subject to constraints 
such as (2.6) and (2.16)-(2.17) amounts to finding a solution within a constrained solution space. Consideration 
of corresponding weak forms induces limitations on admissible variations in the tangent solution space, imposed 
by the physical constraints, leading to variational inequalities (see e.g. [17] or [18].) 
Different methods have been used to bypass the need to find a solution within a constrained configuration 
solution space [1-6,8]. Here we will use the penalty method to remove the restrictions associated to the 
constrained solution space and enforce the constraints through the introduction of a constitutive-like equation for 
the frictional contact raction. 
2.2.1. Regularization of  normal constraints 
The normal constraints induced by the contact problem are regularized by introducing a normal penalty 
parameter Eu and substituting the Kuhn-Tucker complementarity conditions defined in (2.6) by the following 
constitutive-like equation for the contact pressure 
tN(X, t ) :=  6N(gN(X, t)) (2.18) 
where ( • ) is the Macauley bracket, representing the positive part of its operand. 
2.2.2. Regularization of  frictional constraints 
The regularization of the constrained frictional evolution problem defined by (2.16)-(2.17) is performed 
introducing a tangential penalty parameter ET playing the role of constitutive parameter in the relative slip 
velocity evolution equation, leading to the following frictional constrained evolution problem 
= - tN, 
-- 3't(1 - w)  + wll?TIIl 
(2.19) 
dP(t~r, tN, oO <<- O, 3" >! O, 3"@(t~r, t N, or) = 0 
. 
3" (I3( t r, t N , Ol ) = 0 
~oTt~,:= t" " where r~7  is the Lie derivative of the frictional tangent raction along the flow induced by the 
relative slip velocity v r. 
Within the context of the product formula algorithms, a frictional operator split of the constrained evolution 
problem can be introduced by means of a trial state, defined by freezing the irreversible (plastic) slip response, 
i.e. setting 3, = O, as follows: 
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Trial state Return mapping 
u&n;onOstrainedl 
:= w)+ wll? ll] 
cI)(t~r, tN, a) <~ O, y/> O, yqg(t~r, t N, a) = 0 
(2.20) 
2.3. Frictional contact contribution to the weak form of the momentum balance equation 
The frictional contact contribution to the weak form of the momentum balance quation can be conveniently 
expressed as [4] 
G,, : = (t N, agu)r¢,, + (tT~, a~)rc , ,  (2.21) 
where 5[. ] is an admissible variation of its argument and (.,.)r~'~ denotes the L2(Ft~)-inner product on the 
boundary F tj~. The expressions of the variations 8g N and ~ can be found in [4] and therefore will not be given 
here. The reader is referred to [2-6] for further details on local governing equations, boundary conditions, 
equilibrium equations at the contact interface and the weak form expressions for a multi-body frictional contact 
problem at finite deformations, as well as how to derive the compact form of the frictional contact contribution 
to the weak form of momentum balance equation given by (2.21). 
3. The discrete initial boundary value problem including frictional contact constraints 
The numerical solution of the IBVP including frictional contact constraints at finite strains involves the 
transformation of an infinite dimensional dynamical system, governed by a system of quasi-linear partial 
differential equations into a sequence of discrete nonlinear algebraic problems by means of the following two 
steps: 
Step 1. A finite element Galerkin projection in space of the dynamic weak form of the momentum equations 
leads to a nonlinear coupled system of ordinary differential equations (ODEs) which describe the time evolution 
of nodal degrees of freedom in the time interval of interest I. 
Step 2. The coupled system of nonlinear ordinary differential equations describes the time evolution in the 
time interval I of interest, of the nodal degrees of freedom and the internal variables associated with the finite 
N element Galerkin projection. A time discretization of this problem involves a partition I =- t J,, =o[tn, tn+~] of the 
time interval I. Within a typical time subinterval [t n, t,, + j ], a time marching scheme for the advancement of the 
configuration and velocity fields together with a return mapping algorithm for the advancement of the internal 
variables results in a nonlinear algebraic problem which is solved iteratively. 
3.1. Spatial discretization: the Galerkin projection 
3.1.1. Galerkin projection of the frictional contact contribution to the weak form 
The Galerkin projection of the frictional contact contribution to the weak form, given for the continuum case 
by (2.21), can be written as 
h h -oth G, h := { th, ~gN)r ~',1' + (try, ~ )r~"h 
where (.)h denotes the Galerkin projection of ( .) .  
(3.1) 
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3.2. Tempora l  d iscret i zat ion .  F r i c t iona l  return mapp ing  
Consider the time interval of interest 1 = [0, T] discretized into a series of non-overlapping subintervals 
I := U N=o[t,, t,,+l]. The incremental solution to the IBVP is obtained applying a time stepping algorithm to 
integrate the evolution equations within a typical time step It,,, t,,+~], with given nodal and internal variables at 
time t,, as initial conditions at the nodal and quadrature points of a typical element g2~ >, respectively. 
Following a standard convention, we shall denote by either (.),, or (.),,+~ the algorithmic approximations at
times t, and t,,+j to the continuum (time dependent) variable (.) , .  
3.2.1. F r i c t iona l  t ime-s tepp ing  a lgor i thms 
Most of the usual time-stepping algorithms will require the evaluation of the weak form and internal variables 
at some time t,+ o, where O C(0,  1]. Here, attention will be restricted to the Backward-Euler algorithm, 
obtained for O = 1. A class of time-stepping algorithms for dynamic plasticity, including Linear Multistep 
(LMS) methods and amongst hem, the so-called BD methods, and IRK methods, are shown in [7,19]. Here, we 
will be focussed on two algorithms for the time integration of the constrained frictional evolution problem 
defined by (2.20): the lowest order BD method called BE method and the generalized PMP IRK method. 
3.2.1.1.  BE  method.  Consider the approximation of (2.16) and (2.17) by the lowest order BD method, the BE 
scheme, to obtain the algebraic equation 
- ~,,) - Z,+~PT ...... ] t T ..... , = try., ' + e T [M~(~+I  -8 
(3.2) 
ce,, +, = ce + y,,,+, [(1 - w) + wlt?~ tl] 
+1+1 
subjected to the discrete complementary Kuhn-Tucker conditions 
~,,+, := II?~ ,11 - /~(~, ,+, ) t~+ ~< 0 
i~ + tl I 
Y,,+l i>0 (3.3) 
~,+1 ~,,+~ =0 
The solution to the constrained incremental algebraic problem defined by (3.2) and (3.3) is obtained through 
the introduction of a tr ia l  state,  obtained by freezing the irreversible-slip response, and subsequent return 
mapp ing  algorithm to enforce the constraints. 
Step 1: Tr ia l  state.  The frictional trial state is obtained by freezing theirreversible-slip response, i.e. assuming 
y,,,+~ = 0 and that no constraints are present. Then, the trial state is defined as 
t r ia l  
O~n+l  :~--" ~n 
~ ra  
( / ) t r ia l  : :  t,,+ll I _ . t r ia l  #~ce,, + I )tN,, + I ~n+l  
where tN, ,+ ' = EN(gN,,+,) is the normal contact pressure at t,,+l. 
(3.4) 
Step  2: Return  mapp ing .  The return mapping defines the final state as the solution of the discrete constrained 
incremental algebraic problem: 
tr ...... , = tT',~!#l+, -- crY, + Pr  ..... 
t r ia l  b T o¢,+, -- ~,,+, + ~,,+, [(1 - w)  + wilt II1 
n+l  
(3.5) 
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~,,+,  = lilt .... II - ~(~, ,+, ) tN  .... ~< o 
%+1/>0 (3.6) 
~,+l ~,+~ =0 
a~ma~ >0,  otherwise y,,+j =0 and the trial state actually is the final state, the discrete Assuming that _ ,+ l  
consistency parameter y,+l can be computed by enforcing the discrete counterpart of the consistency condition 
@,,+1 = 0. Then, the frictional return mapping takes the form 
t ~ -( Y,,+ I_ /'~tl'Ttrial = ],L(O',,+I )tN,+, 
trial [' 
ce,,+ I a,,+l + Y,,, + I [( 1 w) (3.7) = - + wllt~::c.,,ll - w~. ,+, ]  
~,, +, :=  IIt,:;k,,, II - ,~, ,  +, - ~,(~, +,  )tN,,+ , = 0 
Computation of the consistency parameter y,,+~ will require, in general, to solve the nonlinear equation 
~,+1 = ~b(y,,+~) =0,  where it is implicitly understood that we are looking at a,,+~ as a function ~,+j = 
%+~(y,,+~), using (3.7) 2. Using a Newton-Raphson method the linearization of the slip function yields 
~)(k)  -~- D ab(*) " ~) = 0 (3.8) n+l  - -n+l  " L I 'Yn+ 1 
with 
(/)(k) : (~)trial (k) r / (k) \ trial 
.+ J  .+ l  - -  ETT , ,+ I  - -  L /Z( , ,+ l )  - - /£ (O ' , ,+ l ) ] tN , ,+ l  
(k) (k) 
Ddp(k~,+ I = --eT - O , tZ (a  ,,+ l )Da  ,,+ l tN .... 
(k) trial (k) [, a,,+l a,,+l + y,,+l[(1 w) we (*) = - + wllt,,;~,,, l l-  ,~ , ,+ , ]  (3 .9 )  
l, (k) 
D~, ,+,  '*~ -- (1 - w) + wllt~:;~o,,ll- 2w~, ,+,  
A (k) (k+l )  (k) 
'Yn+l  ~- ~/n+l  - -  ~ /n+l  
and with the initial condition y,,"))+ ~ = O. 
3.2.1.2. Genera l i zed  PMP IRK  method.  The Generalized PMP IRK method is constructed via a two-stage 
product formula algorithm as follows: 
Stage  I. A BE algorithm is applied to integrate the constrained evolution problem within a time sub-interval 
[t,,, t,,+o] C [t,,, t,,+~] where t,,+o := (1 - O)t,, + Ot,,+~ and O ~ (0, 1]. Thus, the first stage of the algorithm is 
identical to the scheme already described above. Explicitly, the following steps are performed for prescibed 
/t ref 1 -a  __ -a  initial data t r~,,,J and given relative (parametrized) slip increment ~r~,+o := ~,,+o so,, :
Step 1. Define the generalized mid-point rial state according to 
t trial := + ETM~(t~+ o - -  ~-~)  
Tam + O IT,~.,, 
tri,I . (3.10) 
( / ) tr ia l  ['T . trial x 
tN,, + o 
Step 2. The return mapping defines the final state at the generalized mid-point configuration ~g,,+o as the 
solution of the discrete constrained incremental algebraic problem: 
tr  . . . .  o = tr'2;'~+ o - eTY"+ oPt  ..... ,o 
• (3 .11)  
trial 
~,,+,~ = ~,,+,~ + r,,+ o[(1 - w)  + wll?~,, + ,  ] 
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~,+o = t~T + ~ - ]'L(O~n+O)tN,,+O ~0 
Y,+O >10 (3.12) 
~,+o~,+o =0 
Stage IIA. Since the trial values tr~i~ +o and the converged values t T ..... o are available from Stage I and within 
the context of a product formula algorithm, the initial data t*v,,+o and a,,+* o for the second stage are defined 
using the linear extrapolation: 
1 1 -O 
t *  " - - - -  r ..... o "-- 0 tr ...... ~ t9 trT'd~),,+o (3.13) 
1 1 -- O trial 
O~ " - - - -  , ,+o ' -  O a"+° O a"+°  
Within a finite deformation framework, all the objects involved in the linear extrapolation given by (3.13) 
should be viewed as objects lying in the same generalized mid-point configuration C,,+,~. Thus, for the friction 
Coulomb model this extrapolation is performed on the plane t N = tN,,+ ° of the tractions space. 
Stage liB. The second part of Stage II is identical to Stage I, where now the initial prescribed ata becomes 
- - ~,, + ,~. The t* and the given (parametrized) relative slip increment is gr,,+ := (,,+~ steps involved in the 
Te ,n+ O a I 
update are the following: 
Step 1. Define the trial state according to 
-/3 -/3 
tr~!#~+, := t*r~.,,+,9 + evM~/3(~,,+J - (,,+o) 
trial := a*  (3 .14)  
Oln + l n + O 
~'T ~ trial ~t -a""°' := . ,  +, lit ::~o,,ll - ~ta .  + , )  u,,+, 
Step 2. Perform the return mapping to get the final state at the configuration c~,,+~ as the solution of the 
discrete constrained incremental algebraic problem: 
= tTtrial - -  6TZ '+IPT  . . . .  I tTa..+ I a.~t+ I 
(3.15) 
'"°' + ~,, +, [(1 - w) + wll?~ Ill Oln+l ~ O~n+l .+] 
~+ 1 ~' = [L , ,+ , I I -  tx(a,,+,)tN,,+, <~0 
%+1 t>0 (3.16) 
y,,+, ~.,+, =0 
A rigorous stability and accuracy analysis of the two-stage, implicit, PMP algorithm, within the context of J2 
plasticity, was provided by Simo [7]. The accuracy and stability analysis show that the generalized PMP 
algorithm is obviously consistent, second-order accurate for the PMP algorithm (O = 0.5), B-stable for O/> 0.5 
and ensures that the final stage is on the admissible domain. Remarkably, in sharp contrast with other 
second-order accurate algorithms, i.e. mid-point rule, second order accuracy is achieved performing a radial 
return mapping in each of the stages and thus a solution will be always guaranteed to exist for arbitrarily large 
time-steps. However, the long-term behaviour of this scheme is not optimal when compared with that exhibited 
by the, less accurate, BE algorithm. In contrast, this scheme becomes optimal for short-term behavior. 
3.2.2. Linearization of  the frictional time-stepping algorithm 
The frictional time-stepping algorithms presented above are amenable to exact linearization, leading to the
corresponding terms of the consistent or algorithmic tangent operator. In order to accommodate he linearization 
of the BE and PMP return mapping algorithms into a single expression, the linearization of the frictional traction 
at time t,,+,~, can be derived at the generic configuration ~,,+ ~, where O = 1 for the BE algorithm and t9 ~ (0, 1] 
for the PMP algorithm. We point out hat the implementation of the PMP IRK algorithm actually requires only 
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the linearization of the Stage I, while Stage II can be viewed as an update procedure to provide the initial 
conditions for the next time step, after convergence has been achieved. 
Using the directional derivative, the linearization of the frictional time integration algorithm leads to the 
following expressions. 
Step 1." Trial state. The linearization of the trial state takes the form 
Atr ..... ~ := Atr~!~+ o (3.17) 
A trial = 0 A06,+O :=  Oln+ 0 
Step 2: Return mapping. The linearization of the return mapping takes the form 
Atr ..... o :=/z(a, +o) AtN,,+oPT~I~+,o + ]d'(Oln+O)tN,,+e APT,dI,",t+o + O~lX(a,+o) AO~.+otu,,+oPrtdi~l+o 
(3.18) 
Ao6,+o := AT,,,+,~ [(1 -- w) + Wl~(a,,+o)tu,,+o -- WETy,,+ O ] + Z,+oW ~xlI?T;V'II 
with 
AtN.+ o := ENH( gN.+ ¢, ) AgN,,+ ~, 
:= A~:.+o 
c~,n + o 
. _1  1 
±~"+'~ - ~T [Allt~::~ll- ~(~,,+o) AtN,,+ o] - ~ O~(a,,+o)tN,,+o Aa,,+o 
where H(. ) is the Heaviside function and 
--~Z := er(M~ + M.:,,/3g~) 
a . -a  -or 
gT " :  ~:,,+ o - (,1 
with the, in general, non-symmetric operator ~='~e evaluated at t,+ o. 
Introducing Ay,,,+ o into the expression of Aa,,+o and collecting terms, leads to 
with 
HI  :=  
+ OatZ(Oln+O)tN,,+o 
oa/oyl +o 
J•2 :=  
+ OalZ(Otn+O)tN.+o 
where 
Oce/ Oy[,,+ o := (1 - w) + Wtl.(ol.,+ o)tN,,+ ° - -  
(3.19) 
(3.20) 
(3.21) 
(3.22) 
WETS,+ o (3.23) 
4. Tool wear mechanisms and wear est imate 
Wear phenomena re the dominanting failure mechanism of dies in both sheet and bulk metal forming 
operations. When considering wear in forming processes, attention should be focussed on the following items: 
type of die failure, choice of die material, surface treatment and lubrication, process parameters such as 
temperature and forming speed and predominant wear mechanisms. The life-time of a die is usually expressed 
by the number of parts that can be produced before the dimensions of the parts exceed the given tolerances or 
serious damage of the die occur. To be able to estimate, to predict and to incorporate into a numerical model the 
complex wear phenomena will improve considerably the life of dies in metal forming operations. 
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4.1. Wear mechanisms in hot forging processes 
Statistical results show that wear is up to a 60-70%, the dominating failure mechanism for hot forging dies, 
and has therefore an important influence on the production costs of forged products. Critical regions in a forging 
die are places exposed to a very high pressure, internal corners with a notch effect, areas that reach a very high 
temperature and finally regions with large slip amounts on the die. Statistical investigations of the type of die 
failure which have the greatest influence on the scrapping of forging dies, show that the primary reason for 
scrapping a die are wear phenomena t external corners or at roundings. In order to describe wear as the main 
reason for the scrapping of forging tools it is important to determine which are the main mechanisms that causes 
wear. It is generally agreed that the most important wear mechanism in hot forging is three body abrasive wear 
caused by hard scale particles embedded in the surface of the work piece. Experimental results show that the 
amount and type of scale, the adhesion of the scale to the surface of the work piece and the hardness (chemical 
structure) of the scale are the determining factors for tool wear. Wear is also found to be proportional to the 
hardness of the work piece material and inversely proportional to the hardness of the die material at the 
maximum temperature reached by the surface during the forging process [20]. 
4.2. Wear mechanisms in sheet metal forming processes 
In sheet metal forming processes, it has been found that 65% of tool failure is caused by adhesive and 
abrasive wear in the drawbead and die radius regions [21]. Due to the surface roughness and asperities, when 
two surfaces are pressed together, the real contact area will be much smaller than the apparent one. The pressure 
on these asperities will be sufficiently high to cause plastic deformations on the asperities. Also the sliding of the 
sheet over the tool surface leads to heating due to frictional dissipation. The high surface pressure combined 
with the heat generation due to frictional dissipation leads to welding of the asperities of the tool and sheet 
surfaces. The break off of these welded asperities can scratch the tool surface. Investigations results on failure 
frequency due to surface damage in sheet metal forming tools and the influence of tool and sheet hardness, 
lubricant, blankholder pressure and sliding distance on wear in sheet metal forming can be found in [21]. 
4.3. Wear estimate 
The two most important mechanisms of wear in forming processes have been identified as adhesive and 
abrasive wear. 
4.3.1. Adhesive wear 
During relative sliding between two surfaces, the lubricant film may thin out and break down, allowing the 
two materials to cold weld at the asperities contact. Further relative sliding will break either in the cold welded 
contact or in one of the materials. This process does not produce any free wear particles but could possibly 
transfer a small amount of material from one surface to another. On the other hand, by continuous liding a free 
wear particle can be formed by two mechanisms: (a) Adhesion of particles takes place under high pressure. 
Continuous sliding relieves the pressure in the contact and the particle may break off. (b) Due to chemical 
changes in the particle when it is transferred from one surface to another, the particle may oxidize and thus 
adhere poorly to the new surface. The free wear particles and the accumulation of material formed by adhesive 
wear will often cause abrasive wear. 
Assuming circular contacting asperities of the same size, Archard [15] proposed a model for adhesive wear 
with the following assumptions: it is proportional to the local sliding length and to the normal pressure, it is 
inversely proportional to the local hardness of the surface (the yield stress of a deformed asperity) and it is 
dependent on a wear constant (to be determined experimentally and ranging from 0 to 1), which indicates the 
probability of the formation of a particle in an asperity contact. This constant will depend on the work piece and 
die material, the tendency to cold weld, and the interface conditions (surface films, lubricant film, temperature, 
etc.). Then Archard's law for adhesive wear can be written (in rate form) as 
.Z = Kad h [qg/H] (4.1) 
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where Z is the (adhesive) wear volume per unit area, q is the local normal pressure, s is the local sliding length, 
H is the local hardness of the material, K~ h is the adhesive wear constant and the superposed ot means 
material time derivation. Typical values of K,d h based on continuum mechanical and metallurgical investigations 
for different material combinations can be found in [22]. The experimental determination of Kad h is difficult and 
subject to some uncertainty. Many experimental investigations of wear confirm the validity of Archard's wear 
law, especially for relatively small contact normal pressures [9]. Some investigations show that Archard's law 
significantly underestimates the wear when the normal pressure exceeds the yield stress of the material [9]. 
4.3.2. Abrasive wear 
The term abrasive covers the situations of two-body and three-body abrasive wear. In two-body abrasive wear 
an asperity from the harder material ploughs a furrow in the softer material during the relative sliding. In 
three-body abrasive wear the furrow is ploughed by a hard particle. In two-body abrasive wear, normally only 
the softer surface is subjected to wear and if the harder surface is sufficiently smooth, it is possible to eliminate 
the two-body abrasive wear totally. The three-body abrasive wear is much more difficult to eliminate as it is 
very difficult to avoid impurities, including hard particles, between the two surfaces in contact. Hard particles 
that can cause abrasion are, for instance, dust, wear particles from adhesive wear that are very hard after severe 
plastic deformations, particles formed by corrosion of the surface (i.e. scale in hot forging), etc. 
Assuming a number of isolated and uniform asperity contacts, it is possible to derive a simplified model for 
abrasive wear, similar to the Archard's model for adhesive wear [9]. Then the law for abrasive wear can be 
written (in rate form) as 
2 = Kabr[qs/H ] (4.2) 
where Z is the (abrasive) wear volume per unit area and K~b r is the abrasive wear constant. The abrasive wear 
law states that (instantaneous) abrasive wear is proportional to the local sliding length and normal pressure, 
inversely proportional to the local hardness of the surface and epends of an abrasive wear constant (to be 
determined experimentally and ranging from 0 to 1), now dependent on the surface topography, the presence of 
hard abrasive particles, lubricant, e c. 
From (4.1) and (4.2) a unified law for adhesive and abrasive wear [9] can be written (in rate form) as 
2 = Kwear[qs/H ] 
(4.3) 
where now Z is the (adhesive/abrasive) wear volume per unit area and Kwear is a wear constant to be determined 
experimentally (ranging from 0 to 1), which for adhesive wear mechanisms will depend mainly on the material 
combination, interface conditions, lubricant and temperature, and for abrasive wear mechanisms will depend 
mainly on surface topology, hard particles between surfaces and lubricant. Wear models based in (4.3) have 
been used in computational codes by Owen et al. [11], de Souza Neto et al. [12], Stromberg et al. [13] and 
Stromberg [14], among others. 
The local hardness of the die surface is a strong function of the local temperature of the die surface and a fully 
coupled thermomechanical model would be necessary. The sliding length, which is the amount of material 
passing a specific point on the die surface, is considered to be the most important parameter in the wear 
estimation, due to its strong influence on the heat generation by frictional dissipation. 
In the time discrete setting, within a typical time sub-interval [t,,, t+~] C [0, T] of the time interval of interest 
and using for instance a BE algorithm, time integration of wear volume rate per unit area given by (2.3), leads to 
the discrete adhesive and abrasive wear algorithmic expression 
Z,,+, =Z,, +K [q,,+l(S,,+, -s,,)/H,,+l] 
(4.4) 
where (.),, and (.),,+~ denote the algorithmic approximation to their exact values at times t,, and t,,+~, 
respectively. 
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REMARK 2.1. Under some simplified assumptions, i.e. constant surface material hardness, the wear evolution 
estimate can be integrated in closed-form leading to an explicit wear function of the (accumulated) frictional 
dissipation. 
Let us consider, as a simple model problem, a Coulomb frictional model with a friction coefficient defined as 
a function of the frictional dissipation rate. Then, the frictional dissipation evolution equation takes the form: 
~fric :=  t~ := /x(a)qs' (4.5) 
Using (4.3) and (4.5) the following expression can be derived 
Z-  K . . . .  d~ 
H /z(a) (4.6) 
Let us consider now two simple cases: friction coefficient as a linear function of frictional dissipation and 
constant friction coefficient. 
(i) Linear friction coefficient. Assume a friction coefficient described by a linear function of the frictional 
dissipation 
~t(a) := #o +/~, a (4.7) 
Substituting (4.7) into (4.6) and integrating leads to the following logarithmic losed-form expression for the 
wear estimate 
K . . . .  log[/~(a) ]
Z= /xlH L---~o J
(4.8) 
(ii) Constant friction coefficient. Assume a constant friction coefficient 
/x(a) :=/% (4.9) 
Substituting (4.9) into (4.6) and integrating leads to the following linear closed-form expression for the wear 
estimate 
gwear 
Z= a 
~o H (4.10) 
5. Numerical simulations 
The formulation presented in the preceding sections is illustrated below in a number of numerical simulations. 
The goals are to provide a practical accuracy assessment of the frictional wear model and to demonstrate the 
robustness of the overall frictional contact formulation in different numerical simulations and particularly in 
metal forming operations. The calculations are performed with an enhanced version of the finite element 
program FEAP developed by R.L. Taylor and J.C. Simo and documented in [16]. 
5.1. Draw Bead Simulator 
This example is concerned with the simulation of a draw bead in a deep drawing sheet metal forming process. 
An initially flat GA sheet metal strip will be drawn through a set of rollers. The material properties for the GA 
sheet metal strip were taken as bulk modulus K= 171.6GPa, shear modulus G = 79.2GPa and a power 
hardening law given by the Swift equation 
o- r = 536.0(0.0033 + ~p)o.21MPa (5.1) 
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Fig. 3. Draw Bead Simulator. Initial configuration and deformed shapes of the strip at five different stages of the process, corresponding to a 
displacement of the upper main roller of 6.350 mm, at the end of the first phase, and to prescribed isplacements of 5, 10 and 15 mm of the 
right edge of the strip, during the second phase, respectively. 
The rollers were cons idered as rigid surfaces. Fr ict ional wear phenomena t the interfaces, between the GA 
metal  sheet and the rigid rollers, was modeled using a fr ictional softening curve defined in terms of the fr ictional 
d iss ipat ion ce as 
/x = 0.078 - 0.666 X 10-2ce (5.2) 
where a is measured in KN/cm.  The strip was 1 mm thick and measured 70 mm length. The three main rollers 
and the two guide rol lers were of  radius 5 and 2 mm, respectively. The separat ion between the three main rollers 
was 11 mm and the upper main rol ler was posit ioned at a distance of 20 mm from the r ight edge of  the strip. The 
distance between the upper main rol ler and the two guide rollers was 14 and 24 mm, respectively. Fig. 3 shows 
the initial geometry  of  the test. P lane strain condit ions have been assumed and only a hal f  part of each rol ler has 
been discretized. The loading process consists of  two phases. In the first phase, the main upper rol ler goes down 
up to a distance of  6.35 mm whi le  the r ight edge of  the strip is kept fixed, creat ing a situation of  three point 
bending load. This  first phase s imulates the c lamping of  the sheet by the b lankholder  at the beginn ing of  a deep 
drawing process. In the second phase, the rollers are kept fixed and the strip is pul led out f rom the r ight edge up 
to a final distance of  15 mm. 
The geometry of  the prob lem was modeled with 140 cont inuum elements  be ing uti l ized for the discret izat ion 
Table 1 
Draw bead simulator. Euclidean orm of the residual for four typical time steps 
Step 20 Step 70 Step 120 Step 170 
3.94977E + 05 1.88688E + 07 1.88642E + 07 1.88639E + 07 
3.16066E + 06 2.23098E + 05 2.22340E + 05 2.18650E + 05 
2.37233E + 05 2.47160E + 4 4.21119E + 04 4.36364E + 04 
1.80076E + 04 2.83830E + 04 3.14779E + 03 1.27160E + 04 
2.44798E + 03 1.88422E + 03 1.91413E + 03 1.08463E + 02 
8.78457E + 00 1.75791E + 02 8.94470E + 02 8.30284E - 02 
2.85522E - 04 4.30222E - 01 2.67843E + 02 5.91113E - 06 
3.41143E - 06 2.85655E - 01 
4.51146E - 06 
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of the strip, using 2 elements across the thickness, and 20 elements being used for the discretization of each of 
the rollers. A mixed Q I /P0  finite element formulation at finite strains was used for the discretization of the strip. 
Frictional contact constraints were regularized by means of penalty method and the normal and tangential 
penalty parameters were taken as ~N = 5 - 10 '~ N/m ~ and c r = 1 • 10 ~° N /m ~, respectively. The loading process 
was achieved in 170 time steps, 20 steps for the first phase and 150 time steps for the second phase, through 
displacement control of the upper main roller and the right edge of the strip. The Newton-Raphson method, 
combined with a line search optimization procedure, was used to solve the nonlinear system of equations arising 
from the spatial and temporal discretization of the weak form of the momentum balance equation. Convergence 
(a) 
Draw Bead Simulator (DBS] 
25 i , 
I Displacement! of the ~eft extrie -- 
20 ................................. [ .......................... 
10 
5 
0 
20 40 60 80 i00 120 140 160 180 
Number of steps 
b 
140 
(b) 
Draw Bead Simulator (DBS) 
iPulling 9eaction ~n the r~ght extreme - -  
120 ..................................................................................... 
100 
6O 
40 
20 
0 
20 40 60 80 i00 120 140 160 180 
Number of steps 
Fig. 4. Draw Bead Simulator. Evolution of the horizontal displacement a  the left edge of the strip and the horizontal reaction at the right 
edge of the strip, during the loading process. 
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of the incremental iterative solution procedure was monitored by requiring a tolerance of 10 -~8 in the energy 
norm. 
The analysis was performed on a Silicon Graphics Power Challenge L Workstation and it was accomplished 
in 34 min CPU time. Table 1 shows the Euclidean norm of the residual at four typical time steps. 
Fig. 3 shows the initial geometry and deformed shapes of the strip at different stages of the process, 
corresponding to the end of the first phase, for a vertical displacement of 6.35 mm of the upper main roller, and 
to different prescribed displacements of 5, 10 and 15 of the right edge of the strip, during the second phase. 
Fig. 4 shows the evolution of the horizontal displacement of the left edge of the strip and the horizontal 
reaction at the right edge of the strip, during the loading process. Fig. 5 shows the wear profiles on the main 
rollers at the same selected stages of the analysis of Fig. 3. 
WEAR 
Min .  O.OOE+O0 
Max • 9.89E+04 
1,00E+03 
7.0eE+04 
1.41E+05 
2,10E+05 
2,80E+05 
3 50E+05 
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I 
Fig. 5. Draw Bead Simulator. Wear profiles on the main rollers at different stages of the analysis. (a) At the end of the first phase for an 
upper main roller displacement of 6.350 mm. (b) For a right edge prescribed horizontal displacement of 5 ram, (c) 10 mm and (d) 15 mm, 
during the second phase. 
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Fig. 6. Flat Sheet Sliding tests. (a) Hardening plasticity laws for the GA and EG steel materials. (b) Frictional hardening laws for the GA 
and EG steel materials. 
Table 2 
Flat Sheet Sliding tests. Mechanical properties for the GA and EG steel sheets 
Material K (GPa) G (GPa) YP (MPa) TS (MPa) EL (%)  n 
GA 171.6 79.2 199.1 319.3 42.7 0.216 
EG 171.6 79.2 169.2 310.0 45.4 0.243 
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Table 3 
Flat Sheet Sliding tests, Frictional hardening law for the GA and EG steel sheets. Coefficients of the polynomial function for frictional 
dissipation measured in KN/cm 
Material a~ a i (22 (-/~, (14 05  
GA 0.178 -0.666 × 10 -z 
EG 0.157 -0.315 ×10- '  0.104× 10 ~ -0.821×10 -3 0.289× 10 4 -0.410× 10 ~ 
5.2. Flat Sheet Sliding tests 
This example  is taken f rom de Souza Neto et al. [12] and is concerned with the numerical  s imulat ion of flat 
sheet sl iding tests. The exper imental  tests are as fol lows. A steel fiat sheet is c lamped to the sl iding table. A 
prescr ibed normal  force is then appl ied to the tip of  the tool material  (SKD-1 1). The tip is kept fixed dur ing the 
exper iment  to avoid rotat ion and ensure h igh precis ion in the measurement  of  the fr iction coefficient. Once the 
normal  force has been applied, the table slides 300 mm driven by a hydraul ic cyl inder. After  sl iding, the normal  
force is released and the table returns to its initial posit ion. The normal force is then reappl ied and the cycle is 
repeated a number  of  t imes. 
Two zinc coated sheet metals, typical ly employed in the manufacture of automot ive body shells, have been 
considered: GA and EG steel sheets. The mechanica l  propert ies for the GA and EG steel sheets are shown in 
Table 2, where K is the bulk  modulus,  G is the shear modulus,  YP is the initial yield stress, TS is the max imum 
tensi le strength, EL is the e longat ion at rupture and n is the exponent  of  the power  law hardening for plasticity. 
Fig. 6 shows the hardening power  law curves for the GA and EG steel sheets: 
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Fig. 7. Flat Sheet Sliding tests. Finite element mesh and sliding cycle. (a) Initial configuration andapplication of normal force; (b) sliding; 
(c) release normal force, and (d) return to initial configuration. 
Table 4 
Flat Sheet Sliding tests. Euclidean norm of the residual for four typical time steps. GA steel sheet. Normal force f 0.98 KN 
Pass I Pass 5 Pass 10 Pass 15 
1.23075E + 09 1.23075E + 09 1.23075E + 09 1.23075E + 09 
4.70945E + 04 4.70696E + 04 4.70458E + 04 4.70230E + 04 
1.23677E + 04 1.23583E + 04 1.23494E + 04 1.23408E + 04 
8.04745E + 02 8.01015E + 02 7.97387E + 02 7.93858E + 02 
1.21043E + 02 1.22529E + 02 1.23987E + 02 1.25417E + 02 
2.20370E + 00 2.26997E + 00 2.33562E + 00 2.40061E + 00 
7.13569E - 06 6.83974E - 06 6.70814E - 06 8.21763E - 06 
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o 3. = 374.0" (0.054 + U') °2~ MPa for  the GA steel 
o- v = 367.6" (0.041 + ,U') °243 MPa for the EG steel 
(5.3) 
Frict ional  behav ior  was  mode led  as a po lynomia l  funct ion o f  the fr ict ional d iss ipat ion ce g iven by 
/..t(a) = a o + a~o~ + a~ol 2 + • • • + a a p (5.4) 
- p 
The presence of a hard surface coating, difficult to remove, in the GA steel sheet leads to a progressive softening 
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Fig. 8. Flat Sheet Sliding tests. Tangential force versus number of passes during the sliding tests using a GA steel sheet at dil'|erenl constant 
normal brces: (a) Normal force-: 3.92 KN: (b) Normal force = 2.94 KN. 
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of the frictional behavior. In contrast with this behavior, the EG steel sheet experiences an initial softening, due 
to flattening of microasperities, followed by a substantial increase of the friction coefficient, due to the removal 
of its relatively soft zinc coat. The coefficients of the frictional hardening law, for a frictional dissipation o~ 
measured in KN/mm, for the GA and EG steel sheets are shown in Table 3. Frictional hardening behavior for 
the GA and EG steel sheets is shown in Fig. 6. 
The sheet initially measured 400 mm long, 100 mm wide and 0.8 mm thick. The tip of the tool measured 
10 mm long and 10 mm wide, with an inner radius of 2.5 mm at the bottom corner of the right edge. Then the 
tested surface at the experiment measured 300 mm long and 10 mm wide. 
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For simplicity, only 30 mm of the sheet length has been considered in the numerical simulation and a plane 
strain state has been assumed. The sliding cycle has been repeated 20 times for different compressive constant 
normal forces of 3.92, 2.94, 1.96 and 0.98 KN applied to the tip of the tool. 
A mesh of 111 four noded quadrilateral elements has been used for the discretization of the tool. The sheet 
has been discretized by two layers of 60 continuum elements and the nodes of its left edge have been considered 
as constrained. A mixed QI /P0 finite element formulation at finite strain has been used. The table has been 
considered as rigid. 
At the beginning of a sliding cycle, the tip lies at 2.5 mm from the left edge of the sheet. Starting from this 
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Fig. 9. Flat Sheet Sliding tests. Tangential force versus number of passes during the sliding tests using a EG steel sheet at different constant 
normal forces: (a) Normal force = 3.92 KN; (b) Normal force = 2.94 KN. 
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initial configuration and after the normal force has been applied, a relative sliding of 20 mm between the table 
and the tip is incrementally imposed. This ensures an approximately 10 mm long evenly worn region on the 
sheet surface (between 12.5 mm and 22.5 mm from the left edge). Then the normal force is released, the tip is 
lifted up and returned to its initial position, thereby closing a cycle. Note that a steady state frictional force will 
occur when the entire surface of the tip contacts the evenly worn region of the sheet. The finite element mesh as 
well as the description of a sliding cycle is shown in Figure 7. 
Frictional contact constraints were regularized by means of penalty method and the normal and tangential 
penalty parameters were taken as eN = 5 × 10 ~ N/m 3 and ~r = 1 × 10 ~° N/m 3, respectively. A typical loading 
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cycle was achieved in 30 time steps: 5 steps to apply the normal force, 20 steps for sliding and 5 steps to remove 
the normal force. 
The Newton-Raphson method, combined with a line search optimization procedure, was used to solve the 
nonlinear system of equations arising from the spatial and temporal discretization of the weak form of the 
momentum balance equation. Convergence of the incremental iterative solution procedure was monitored by 
requiring a tolerance of 10 ~ in the energy norm. 
The analysis was performed on a Silicon Graphics Power Challenge L Workstation and a typical case, GA 
steel sheet using a normal force of 0.98 KN, was accomplished in 23 min CPU time. Table 4 shows the 
Euclidean norm of the residual at four typical time steps, using a GA steel and a normal force of 0.98 KN. A 
typical intermediate step at different passes has been selected. 
Figs. 8 and 9 show the tangential forces obtained in the numerical analysis of the sliding tests, using GA steel 
and EG steel sheets, respectively, atdifferent constant normal forces. In order to compare the results obtained in 
this work with the (average) experimental nd numerical results given by de Souza Nero et al. [12], it is 
important to observe that one must consider only an average value within the central part of the sheet for each 
pass, in the evenly worn region, disregarding the values at the beginning and at the end of each pass, where the 
distribution of the friction coefficient is not uniform. A detail of the wear profile in the sheet is depicted in Fig. 
10, for the GA steel and for a normal force of 0.98 KN. The figure clearly shows an evenly worn region in the 
central part of the sheet, between 12.5 and 22.5 mm from the left edge, while the wear at the edges is not 
uniform. 
In Figs. 8 and 9, it is clearly evident he different wear evolution experimented by the GA and EG steel 
sheets. For the GA steel, due to the softening of the friction coefficient law, the tangential force presents a local 
minimum within a pass at the c ntral part of the sheet, in the evenly worn region. In contrast, for the EG steel, 
particularly for high normal pressures, the tangential force at the central part of the sheet moves from a local 
minimum towards a local maximum within a pass, according to the frictional softening/hardening behavior. 
Remarkably, a significant hardening is observed for the EG steel at high normal pressures, while a slight 
softening appears at low normal pressures. These results clearly show that a classical frictional Coulomb law, 
using a constant friction coefficient, would not be able to capture this behavior, leading to useless inaccurate 
predictions. 
The tangential forces predicted by the numerical analyses, for both GA and EG steel sheets and for all levels 
of constant normal force, agree well with the experimental nd numerical (average) results given by de Souza 
Neto et al. [12]. 
Fig. 10. Flat Sheet Sliding tests. Wear profiles at the GA steel ~hect for a normal force of 0.98 KN. 
C.A. de Saracibar, M. Chiumenti / Comput. Methods Appl. Mech. Engrg. 177(1999) 401-426 425 
6. Concluding remarks 
Wear related phenomena have an important impact on the economy of industrial metal forming processes. 
Wear is the dominant die failure mechanism for both bulk and sheet forming operations. The inclusion of wear 
phenomena model into available decision support systems used in industrial design and optimization practice, 
would improve die design and service life considerably, leading to an important reduction of manufacturing 
costs. 
Adhesive and abrasive wear have been identified as the main wear mechanisms. Archard's wear law provides 
an estimate of both wear mechanisms arising in metal forming operations. The law uses the assumption that the 
wear volume is: proportional to the sliding length, proportional to the normal pressure, inversely proportional to 
the yield strength (hardness) and proportional to a constant, mainly dependent on material combination, 
lubricant and temperature for adhesive wear, and surface topology, hard particles between surfaces and lubricant 
for abrasive wear. 
Clearly, wear affects the frictional conditions between contact surfaces. A frictional wear contact model has 
been proposed, taking the frictional coefficient as a function of a wear related internal variable, to be chosen as 
the frictional dissipation r the slip amount. This frictional wear model has been incorporated to a continuum- 
based multi-body frictional contact formulation at finite strains. 
Within the context of the displacement-driven formulation of frictional contact problems, exploiting the 
computational framework developed for plasticity, two frictional return mapping algorithms have been 
considered: the BE and the implicit PMP rules. An exact linearization of the algorithms allows to derive the 
consistent frictional contact angent operator. 
Numerical simulations how the suitability of the proposed model to predict wear phenomena. A good 
agreement has been observed between the numerical results and the experimental ones obtained for the sliding 
tests. These results allows to suggest hat the adoption of the frictional dissipation as the internal variable 
associated to the frictional behavior has captured the essential features of the wear phenomena. 
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